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dYh'CPSIS 


1,  Ir traduction 

The  study  of  non-equilibrius  stationery  states  constitutes  a  most 
important  domain  of  the  thoxnodynazi cs  of  irreversible  phenomena.  Tnese 
states  era  characterised  by  the  fact  that  intensivo  variables  regain 
constant  in  tine.  It  has  been  established  that  they  bocezo  established  or 
continue  only  under  the  effect  of  "constraints"  imposed  on  the  systez  and 
which  prevent  it  from  attaining  an  equilibrium  state,  for  example,  the 
systematic  ztinter.ar.ee  of  a  difference  of  temperature  or  of  concentration, 
of  chazical  affinity,  of  a  heat  flow  or  a  diffusion  flew  within  the  systoa 

represented.  If  the  latter  is  a  continuous  medium,  the  constraints  are  the 

r 

conditions  called  "boundary  conditions".  ,  ,1  <.  .  *. 

In-  154S,  cne_-W  us  established  a  the ore a ^according  to  which  stationary 

states  of  a  system  correspond  to  ainimuti  entropy  production,  for  a  given 

( I  /  \,U*' 

value  of  tho  ccntraints  Throughout  the  proof  the- fell  owing  - 

restrictive  hypotheses  were  implied*  >v  ^  ^ 

(1)  Linear  relations  between  generalised  forces  (or  affinities) 
and  flows  (or  vclocitios)  of  irreversible  phenocena. 


^b)Va lit.!;/  cJ  the  C.rssgor  reciprocal  relic 


-C.'.U. 


C3;  ;j'.i c. n c -. - r. o  1  o ; i c e  1  cocfficicr.cs  ccr.siJr.cc  to  be  ccr.sts.vc, 

Ir.  esse  of  continuous  redia  it  was  necessary  to  assure  in  addition  that 
rrchar.icnl  equilibrium  existed. 

Varices  authors  have  since  studied  this  problem  (d,7tS;  but  the  initial 
restrictions  hbv«  continued,  ftoeently,  one  of  us  hu  cuocoodod  in  oliril- 
r.atir.2  then,  but  by  utilizing  on  exceptional  typo  of  constraint  free.  the 
point  cf  view  of  applications  (specific  entropy  and  cr. tropic  flow  imposed 
separately  cn  the  dcaaine  boundary  (9,10). 

Therefore,  the  foil cuing  two  preb leas  are  posed: 

,  .  i  .*  r  I  t  *  '"•  •  _  /'•'< 

Independently  of  those  restrictive  hypotheses,  vh at  are  the. 
most  general  properties  of  entropy  production? 

(2)  Does  thero  exist  another  censure  of  entropy  production  which 
tahes  on  a  minimum  valuo  in  stationary  noaoqui  librium  states  vhor.  at  least 
one  cf  these  hypotheses  dues  not  hold? 

The  second  question  has  been  takon  up  recently  (11)  end  has  rocoivcd 
an  afii mat ive  rospenso  in  a  certain  number  of  ainplo  casos.  Tho  present 

^  St  V  *  '  '  '  '  /“ 

coanunicatson  is  devoted  to  the  first  question,  Wr-»hw>that  in  reality 
aha  tiniaun  of  the  variaticr.tl  lav:  searched  for  represents  only  a  particu¬ 
lar  case  of  a  core  general  differential  lav.'.  Ho  conserve  at  all  tine  the 
hypothesis  of  r.echanical  equilibrium  (baryceLtric  velocity  zoro  at  ell 
points,  cr  sufficiently  snail  to  be  ccnforaily  with  tine  classical  hypothesis 


of  avail  fluctuations) . 


-c 


2 


c-r,x..jj  (3  ,  1,2,—) 
»  ** 


(2.1) 


l:\  c.  continuous  isediuu,  o  ropraaoats  the  local  specific  velars  cr.tr op/ 
-.vc duetto;,  vote,  et  a  r teres c epic  point  cr.cl  at  the  instant  ccr.aidsrad. 
V;.c  ar.trcpy  production  relative  to  the  entire  systea  is  then  vrittcr. 


dj S/dt  »  /yOdV 

'..'e  propose  to  abbreviate  this  as 


(2.:) 


P  a  d.S/dt  (2.2’) 

Coccuposinj  the  total  differential  of  the  function  a  into  a  sua  of  two 
linear  partial  differentials 


(2.3) 

(2.0 


Recall  iron  above  it  follows  iaaediatoly  froa  the  si^r.  of  (2.1)  that  for 
all  variations  o',  starting  freo  the  oquilibriua  state  o,  cne  has 


do  •  o  ,*  0 

C 


(2.S) 


3 


er  ~j;-r.  j  ir.di  fforer.t  ly ,  according  to  the  choice  of  pith  of  integration 
„  **)  #> 


2X...,  AJ^O  or  I  .A  AX.  iO 
Jt.  3  £  3 


r>  '  \ 


Inverse  a/,  end  in  particular  for  an  elcrantary  trar.sf erratic.',  tcrr.iiitlr.-*  _ 
r.t  equilibria,  or.o  h rs  at  cj  the  first  ordor  condition:; 

w  s<  0  ,  d.o  N<  0  ,  d„c  0  (2.7) 

J  ** 

free,  which  or.o  deduce:  the  knewr.  criteria  of  stability  at  equilibrium  , 
with  regard  to  neighboring  states  (12).  Likewise  in  a  continuous  cadiur  the 
three  inequalities  (2.7)  are  written,  respectively,  using  (2.2): 


z?j  it  40  ,  a?/  its  o  ,  i  P/  at<  o 

*  X 


(2.S) 


?irst  let  us  consider  the  domain  of  validity  of  the  restrictions  recalled 
in  Par.  1.  Ke  write  the  linear  phenomenological  relations 


■  jJ  .  hi\ 

VJith  local  Oas. agar's  reciprocal  relations. 


Ik  kj 

V  •  L  •  constant 


'..‘a  '..'ill  then  have; 


d.o  ■ 


jk 

X  .  LJ  X 


dxo 


ar.c  »~zo 


da  ■2djO  "2dxq 


(2.9) 


(2.10) 


(2.11) 


(2.12) 


Zy  zjzt.s  of  the  restrictions  (2.9)  (2. 10)  the  two  differential  foms  (2.5) 
are  the  equal. 


4 


or  the  moment  the  care  of  any  elementary  transformation 


'....crave:.*  sc tavern  tiro  ncr. -equilibrium  crates  a. id  not  subjected  to  tiers 
restrictions.  The  conclusions  (2.7)  and  (2.12)  are  r.o  lender  valid.  Never¬ 
theless  we  shall  50  cn  to  demonstrate  that  the  three  relations  (2.C)  remain 
when  the  system  consicerod  is  submitted  to  the  conditions  of  fined  limits 
of  temperature  and  chemical  potential*  ';y. 

In  fact,  all  the  calculations  necessary  to  demonstrate  this  may  ho 
fauna  in  a  study  by  P.  Mazur,  carried  out  for  studying  the  minimum  ir.  the 
cr.trcpy  production.  (S)  But  the  numerous  restrictive  conditions  which 
accompany  that  development  did  not  permit  the  author  to  brine  out  this 
general  significance. 

Consider  in  the  first  instance  the  simple  case  of  heat  transport  by 
conduction  in  a  solid  (J^st'J;  Xji9T“19Xj) .  life  have  here 


V  m( 
3t  J  v 


9  ■  3Y" 1 '  dV  ■/  W  •  grad'  3?’1''  dV  (2.13) 

r  nsr*-  7  v  r~ 


r.jt^  9  ■  3v" 1 
j  ~5T  \TxJ”. 


for  all  ncn-voiatile  solids,  isotropic  or  not.  Introduce,  with  tho  help  of 
integration  by  parts,  the  integral  over  tho  boundary  surface  Q  of  volume  V. 


It  becomes 


C  H 

p* ,  •  y  I  -- 

it  ^/Q  *  it 


j_»l  >♦ 

*T  div  W  d V 


(2.14) 


The  boundary  condition*  being  considered  stationary,  tho  surface  integral 
vanishos.  Bringing  ir.  tho  condition  of  local  energy  conservation, 


VL  ♦  div  5  ■  0 


(2.  IS) 


S 


ebta-:.-.  C2.:-;) 


_  ?•»  !»?  ,:•»  •'  a 

J'4  7"  ‘v^  / 


which  d;r.:.''«t  rates  aha  stated  property  since  specific  heat  is  necessarily 
positive  as  a  result  of  the  known  ccr.diticr.  of  stable  ersilibriu::,  dedusts 
:r.  addition  by  (2.7).  Corridor  nc./  the  cer.erel  case  cf  nr.  epeu  syster.  • 
which  will  bo  the  sett  of  irrovcrsrble  pher.anena  cs  £  result  cf  tho 
sinulrcrccus  effects  of  hcet  conduction,  diffusion  and  of  £  cheuica; 
reactions  between  the  £  constituent  a.  Tho  local  production  of  entropy  is 
written,  in  this  case  (2-6) 


o  •  «  •  find  T’  ♦  y^lF/T-jrac^^!  (2.17) 

whore  represents  tho  diffusion  current  of  constituent  Y, 

The  conjugated  force  is  the  affinity  of  diffusion  which  we  assure  tc  to 
"conservative"  (2).  Ke  adait  in  addition  that  tho  actions  at  a  distar.es 

I 

«► 

depend  cr.ly  cn  tho  position  of  the  point  considered  (3rY/3t»0).  Finally, 
in  tha  third  tom,  vp  designates  the  rate  of  reaction  P  and  Ap  is  the 
correspond!*':  chcnical  affinity;  it  is  related  to  the  potential  P^throush  tho 
intermediary  of  stoichitaotric  coefficients  J/  and  nolar  nasses  Ky  through 
tho  relation  (2,6,13) 

V  i  V  W 

1/  the  s-sa  roascr.ins  u  in  the  proceeding  exasple,  wo  obtain  this  tine, 
after  integration  by  parts  and  olicir.aticn  of  boundary  terns. 


i£ .  /"  •  V  4iv  6  si1  -x^„Vv '  «* .’,V  :'"4; 

3  t  y  V  " 


6 


♦id 


».  »t  t> 


*  '•  *  “  '*  “****%J  W  •  »  w  V.  mW  «S  Wwl  ■>.  t(r>  » 


“  WAV iiv  pA 


/"/  *>*'. 
>••  •**  / 


uh.ru  XY  represent  the  uass  fracti  cr.  of  constituent 
♦ 

internal  energy  balance  t 

-v  -*  **’ 

p.-r-  »  VtV*Y  "  v* 

c  re lotion  (2.12)  bocoues: 

uf  pf jsl  3;d  -v8^'  3Cu..rl)l.v 
»  - 7v  L“  Vx  Yi  ~a“~  j  uV 


r  |  V*  •  W 


(i.2-.) 


(2.22) 


uhich*  after  soveral  calculations  previously  developed  is,  the  study  by 
?.  llaour  cited  above  (loc.  cit.CC),  see  especially  t rnr.s f o mot i cr.  (4.20)- 


✓  .  -*  \  * 
V. -»••-/>  # 


£  -  -/fo.  /£j2  ♦!„.  JHX- JS I*  c*V 

•c  yvl'r  I'-t/  ™  ipyi  it  ViJ 


(2.23) 


3ut  sir.es  according  to  the  stability  criterion  of  diffusion  equilibrium  one 
oust  have  (12) : 


Ih.  !2li  Jfl  >  o 

^  »-  jt  it 


(2.24) 


it  boectcu  finally 


bltf  £j 

at  /v  ■' 


Jj(ax^/at)dV  *  o 


(2.2S) 

the  crus  I  sign  referring  exclusively  to  the  stationary  state. 

'.Is  have  obtained  therefore  in  this  way  a  general  principle  of  rede  rati  cn 
of  irreversible  phenomena,  according  to  which  the  variation  In  tir.a  of  the 
a f£i v. :  ? i.s  or  generalised  forces  h 4  in  a  system  under  ccr.atrair.t  cf 


c~i  ‘i.'.i.i  subject,  that  tha.*.!;s  to  tha  xiuotuaui z:.  ulv-c „*y,  aha 
vuutcnir.g  presented  above  is  also  applicable  in  the  r.aighherhoad  c.f 
r;.t  ebanieui  ccuilibriun,  the  relations  (2.17)-(2.2S)  not  being  notified  pro¬ 
vided  thee  zcchcr.icai  forces  retain  practically  their  ecui  iibrien  value 
caring  perturbations.  (local  isebaric  trsr.sfotnaticns  ir.  fluids*  viscucus  . 
forces  rerunning  :ero  cs  ir.  the  neighborhood  of  richer.: cel  cr.uilibriuz) . 

If*  to  the  contrary,  appreciable  differences  in  velocities  arise  between 
r.siuhborir.g  particles,  the  law  (2.25)  till  not  be  generally  valid. 

C.-.e  br.cws ,  or.  the  other  hand,  that  in  the  expression  (2.1)  of  the  entropy 
production,  the  choice  of  fluxes  enc,  forces  is  not  uniquely  imposed;  it 
suffices  in  general,  that  the  choice  loaves  the  ontropy  production  invar 
(6): 

«  "  EjXjJ^  (2.26) 

Ir.  (2.25)  cn  the  contrary,  the  choice  is  no  longer  arbitrary,  lho  floes  rust 
bo  those  which  appear  explicitly  in  tho  balance  of  cass  ar.d  energy  (2.2C) 
cr.d  (2.21).  tfe  hope  to  return  eventually  to  this  question. 

v.'o  ccasiuer  finally  the  particular  case  of  the  stationary  state  for 
which  cr.e  has  the  equality  sign  in  (2.25),  (3Xj/Jt«0). 

V.'c  designate  the  flows  relative  to  this  state.  .Tr.oy  cancel  the 
right-?.—...  aanber  of  the  balances  (2.20)  and  (2.21).  Therefore  (2.19)  gives: 


l 


J^(ax3/Jt)dv  -  o 


(2.27) 

for  all  elementary  displacements  starting  froa  any  stationery  state  0  what¬ 
ever. 


t 


•rl 


departure  f rc.i  a  stationary  state,  the  limits  routining  fined,  one  ha: 


e:>  *  5  *? 


r  **  ■»  i*\ 

V  -  • 


This  ocuaiity  shows  a  certain  anaIo2>*  with  ti  e  ha^ran^ian  principle-  in 
mechanics  ir.  the  ease  of  non -hoi  enable  relations  (14);  (the  equivalent  of 
ucrh  of  ncr.-holonca.ic  forces  correspond  to  the  ter. a  d .?} . 

V.'c  note  finally  that  the  property  (2.25)  appears  as  a  direct  ccr.cccuar.ce  cf 

4 

the  stability  conditions  of  ccui libriun  thermodynamics. 

5.  Cl  re  si  fi  eerier,  of  stationary  states.  In  the  particular  case  there  the  the- 
craa  cf  uir.inm  entropy  production  is  valid,  the  stability  of  stationary 
states  is  easily  discussed  (3).  Those  stationary  states  ere  stable  which 
correspond  to  a  ciainun  in  entropy  production  (at  unifora  taupe  nature ) . 

Vue  core  general  theorem  which  we  are  going  to  prove  will  perait  a  classi¬ 
fication  cf  stationary  states  froa  the  point  of  view  of  stability  alth.-ygh  a 
little  different.  In  effect,  otw  requires  that  cnco  the  stationary  state  i„ 
attained,  the  systen  nay  leave  that  stato  in  accordance  with  the  nacres conic 
lews  of  evolution  or  only  as  a  consequence  of  a  fluctuation  according  to 
evolutionary  laws. 

Consider  then  any  stall  virtual  displacement  whatever,  a,  starting  frea 
a  stationary  state  0,  the  state  variables  boing  held  constant  at  the 
boundaries  of  the  systen  (T  and  in  the  prececdir.g  euaupio) ,  and  the 
aar.diticns  of  nachanioal  ecuilibriua  at  tho  dasplsca-aunu,  or  ir.  its  nciy.bcr- 
..aac,  retain  satisfied  as  wo  have  previously  specified.  »:t  us  explain  that 
.-.cr.o  of  the  virtual  displccanents  thus  regarded  can  correspond  to  a  real 


ijkeaj3/axj0«kax3->o  (3.2) 

ana  indcs  0  rrforrins  to  the  stationary  state. 

'..‘non  this  relation  is  satisfied  ct  all  points  of  the  systoa,  it  will 
then  ho  unable  to  leave  its  stationary  state  according  to  tho  aacroscopic 
I z\:z  of  i..eraodynanics. 

Such  is  notably  the  case  when  the  pher.oxanolosical  laus  ara  linoar, 
zz  ir.  (2.5)  for  the  condition  (3.3)  ia  verified  identically  ar.d  independently 
if  aha  restrictive  hypotheses  repeated  in  part  2  and  in  part  3  of  paragraph  1 
(roci vroaity  and  constancy  of  phnenonsnolojical  coefficients).  In  fact,  tho 
entropy  production  (2.1)  is  then  written: 


C.^cui/  sv.Vj  *  0 

uhich  oroocrihos  tho  sijn  of  the  quadratic  fora  (3.5). 


(3.4) 


10 


r,o 


W«**  *«0  whw  Cl  •  •  i  C*«  hut  0*  I<  vC«  1  W.'i  C W  %  W>  W  J  »'.'.  mO  w«a*V«t*  v« 

» * •  s«w.»w« (•*•«*)  » j>  rCaCXiVj  xo  Vi*3  iOwCm OTii c ^  cy  «•..!.  0.1  «... o  0 

uii-c  ij  c^lc  to  c;/cor  or  loavo  a  stoticr.av*/  staio.  Kovor^tli.,:^  this 

nditicr  dcas  r.ot  constitute  a  stability  criterion  pvc.  --'/  -7.--!'.:.r."  cf  tha 

wtic-.c.y  state  cans ids rad,  except  ir.  the  cate  what.  d..s  it  :.r.  exeat  tetal 

•* 

■  ff-r-ntiai,  for  ©no  is  ur.abio  to  deduce  frea  it  the  evaluate..  i eh  the  sys 

11  undergo  as  a  result  cf  local  fluctuations,  r.ot  related  to  the  lews 
veruin;  macroscopic  transformations.  ’ 

Cc.--.  elusions.  He  say  summarise  as  follows  the  cost  £ar.orxl  thcmccyncnic 
rcportics  of  a  system  outside  equilibrium  prior  to  cataicarutior.  of  cr.y 
.rticular  ahcr.Grar.oiojical  lot’s: 

(a)  the  entropy  variations  say  bo  decomposed  into  two  parts: 

dS  «  ddS  +  d<$  (4.1) 

scx-cc  aura,  duo  to  oho  irreversible  phenexsna  in  tho  interior  of  the  • 
f'S  .z  be ir-s  always  positive  (or  taro  ct  equilibrium) : 

d^  *  0  (4.2) 

(b)  tho  variation  of  entropy  production  par  unit  of  time : 

?  Id^/dt  (4.3) 

.ccuitiwS  also  into  two  tens:  * 

cP  •  dj?  ♦  t^P  (4.4) 

:  which  tho  second,  dua  to  tho  variation  of  generalised  forces  or  affinities 
i  always  negative  cion 3  real  trmsfomatiens  (or  zero  in  tho  stationery  s:t: 


V’° 


U.S) 


.an  aha  conditions  imposed  on  the  system  at  its  boundary  are  stationary.  . 


•<r  •«•••«»  W 


u.\>  rives  at  ;I1  times  to  sys tcr.s  in  ccchunic.i  equilibrium  cr 


rtw-tw  ;o  sma.;.  rluctuattc ns. 

Vucsa  r.:a  lw’..’S  arc  expressed  by  non-tatal  dif-.:6r,n:it.l:'  In.  the 
czs.cs  ,  it  is  cniy  us  c  consequence  of  special  circumstances  that  cr.o  _y 
reduce  them  to  total  differentials  introducing  ~otcr.tir.is  characteristi : 
of  the  system's  behavior  cad  especially  of  it*  debility.  In  cass  (a), 
that  a  ci  r  cur'd  taacas  depend  essentially  ar.  anterior  conditions  imposed  cn 
the  syscea  (isolated  system ,  isothermal >  at  constant  volume,  open  or 
closed,  .»«.).  In  ease  (b)  these  circumstances  relate  most  precisely  to 
the  mechanism  by  which  changes  ir.  the  entropy  production  are  effected  (4.4) . 

7no  inequality  (4.5)  togethor  with  (4.4)  permit  forsceir.®  under  what 
conditions  ar.tropy  p reduction  itsolf  decreases  in  the  course  of  the  change. 
This  last  point  was  developed  in  work  with  Dr.  H.  C.  Kei  (15) »  specifically 
for  the  case  of  choaical  reactions. 

!i'c  thank  Dr.  tol  with  whoa  wo  have  had  fruitful  discussions  concerning 
the  prab'ut  treated  in  this  study. 


Received  IS  duly  1954 
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